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by the Navier-Stokes equations, and the viscous effect of the
passing vortex on the blade-vortex interaction can be inves-
tigated.

Equations and Numerical Schemes
The problem is stated as follows: the steady flowfield around

a stationary airfoil is disturbed by a passing vortex released
from upstream, and then the resulting unsteady flowfield is
studied.2

The unsteady incompressible Navier-Stokes equations in
the form of a vorticity-stream function for two-dimensional
flows are

da) da) da) d2(x)
(D

where i// is the stream function, o> is the vorticity, and Re is
the Reynolds number based on the airfoil chord length and
freestream velocity. On the solid wall, the boundary conditions
are

<*>* = dn2
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Introduction

IN the previous two-dimensional viscous study on the
blade-vortex interaction, the total flowfield is obtained

through the interaction between the vortex-induced flow and
the viscous flow around the stationary airfoil.1'2 The shortcom-
ing of such an interaction scheme is that the viscous effect of
the passing vortex is not taken into consideration in the viscous
solution. The purpose of this work is to introduce a numerical
approach that includes the passing vortex in the viscous so-
lution. The calculation is started in a manner similar to the one
used by Wu et al.1 and Hsu and Wu,2 except that, in this work,
the passing vortex is modeled as a cluster of point vortices.
Based on the concept of the vortex-in-cell (VIC) method for
inviscid flows,3 a specially devised vorticity distribution
scheme is used when the passing vortex is close to the sta-
tionary airfoil. In this scheme, the cluster of point vortices
becomes a continuous vortical patch after being linearly dis-
tributed in a weighted manner. Then the total flow is solved
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where n is the local normal coordinate, and the subscripts w
and 1 indicate the wall and the first point at the distance of h
from the wall, respectively. The first-order discretization for CD
in Eq. (2) is used in the numerical solution to keep the total
vorticity of the flow conserved as discussed by Wu.4 On the
far-field boundary, oj and i/f take the values of the freestream.
The linear triangular finite element method5 on a C-grid is used
to calculate the viscous flow surrounding the stationary airfoil,
and no artificial viscosity is applied.

Interaction Scheme
This scheme is similar to the one used by Wu et al.1 and

Hsu and Wu,2 who used only one point vortex to represent the
passing vortex, but in this work, a cluster of point vortices is
used.6 The stream function of total flow can be decomposed
as two parts: 1) the vortex-induced flow i//r and 2) the dis-
turbed viscous flow fyv. Here, i/>r is evaluated by the Biot-
Savart law1 and </v is solved by substituting fy = ij/v + i/rr into
Eq. (1) and utilizing the boundary conditions. The passing vor-
tex is made to convect at the local fluid speed. In this scheme,
the passing vortex is not included in the viscous solution.

Distribution Scheme
In the linear triangular finite element calculation, (OQ at a

node represents a linear vorticity distribution on the six ele-
ments that share the same node as shown in Fig. la, and the
circulation (positive clockwise) around these six elements is

(3)

where Ak is the area pertaining to element k as shown in Fig.
la. For a point vortex located in an element, its vorticity
strength is approximated by MI, (t)2, and co3 at the three nodes
of the element. In this way, the point vortex becomes a vortical
patch occupying the element where it is located and also the
12 adjacent elements as shown in Fig. Ib. The values of o>i,
c02, and a)3 are weighted as follows:

(4)

where a\, a2, and «3 are subareas of the element as shown in
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Fig. 1 a) Nonzero co0 at a node represents a linear vorticity dis-
tribution over the six elements and b) a point vortex in an element
is distributed over the elements enclosed by the bold line.

in the experiment. As shown in Fig. 3, the lift and moment
predicted by the interaction scheme agree well with the ex-
perimental data before the passing vortex gets close to the
airfoil, but, when it is very close to the airfoil, the loading is
overpredicted. On the other hand, the results of the distribution
scheme agree well when the passing vortex is very close to
the airfoil. As also shown in Fig. 3, the results of the inter-
action scheme and the distribution scheme agree closely with
each other for a short period of time immediately after the
introduction of the distribution scheme, and the results diverge
only when the passing vortex gets even closer to the airfoil.
This observation implies that the viscous diffusion of the pass-
ing vortex only manifests its importance on the blade-vortex
interaction in the strong viscous region near the solid surface,
and that it is not necessary to use the distribution scheme when
the passing vortex is in a relatively less viscous region.

The accuracy and smoothness of the transition from the in-
teraction scheme to the distribution scheme depend on the grid
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Fig. Ib. To keep the circulation of the point vortex F un-
changed, the following condition is imposed:

r = + r2(oi2) + r3(a>3) (5)

where FI, F2, and F3 are evaluated according to Eq. (3). The
resulting vortical patch is superposed upon the vorticity field
obtained from the viscous calculation so that the total flow
including the passing vortex can be solved by the Navier-
Stokes equations.

Numerical Example and Discussion
The parameters of the numerical example are taken from the

wind-tunnel test of Straus et al.7 and nondimensionalized by
the freestream velocity and chord length of the stationary air-
foil. The passing vortex, which is the wake generated by the
sudden pitch of a NACA 0018 airfoil of length 0.54, passes
the upper surface of a stationary NACA 0012 airfoil of unit
length at zero angle of attack; it has a strength (circulation) of
—0.15 (positive clockwise) and an initial vertical spacing of
0.24 above the stationary airfoil. In the numerical example, the
passing vortex, which is a cluster of point vortices obtained
by using the vortex panel method,6 is introduced at an up-
stream location, 0.24 above and 5.0 away from the leading
edge of the stationary airfoil without the presence of the pitch-
ing airfoil. The flow is laminar and Re = 5 X 103.

The calculation starts with the interaction scheme. When the
passing vortex is close to the leading edge of the airfoil, the
distribution scheme takes over, whereby the passing vortex
forms a continuous vortical patch as shown in Fig. 2a. The
vorticity intensity of the passing vortex becomes weaker as it
convects downstream (see Fig. 2b). This indicates that the
passing vortex as a continuous vortical patch spreads out, and
that its vorticity strength diffuses over a larger region.

In Fig. 3, the history of the numerically calculated lift co-
efficient CL and moment coefficient CM (positive clockwise
about the leading edge) is compared to the experimental results
of Straus et al.7 The contribution of the shear stress to the lift
and moment is excluded since only the pressure was measured
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Fig. 2 Vorticity contour. The passing vortex is a) approaching
the leading edge of the airfoil and b) passing the trailing edge of
the airfoil.

interaction scheme

Fig. 3 Comparison between the numerical results and the ex-
perimental results.7 The history of the a) lift coefficient and b)
moment coefficient.
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Fig. 4 For grids of different size, the computed streamwise ve-
locity profiles across a relatively isolated vortex core are compared
with the experimental result.7

size. When only one point vortex is distributed over the ele-
ments by the distribution scheme as shown in Fig. Ib, the
numerical diffusion (error) will be introduced. But for a cluster
of point vortices occupying a finite area, this error can be
minimized if the grid size is small enough so that the resulting
vortical patches, overlapping each other, occupy about the
same region as the cluster does. In Fig. 4, the velocity profiles
across a relatively isolated vortex core generated by a pitching
airfoil are compared. A cluster of point vortices is generated
by using the vortex panel method,6 and, across it, the calcu-
lated velocity profile agrees well with the experimental result
of Straus et al.7 By the distribution scheme, the point vortices
in the cluster are then distributed on the uniform grids of dif-
ferent size (A* = Ay = h and h = 0.1, 0.05, 0.01, and 0.005).
For a finer grid size (h ̂  0.01), the velocity profiles obtained
by the distribution scheme agree well with the experimental
result7 as shown in Fig. 4. In the numerical example presented
in this section, the passing vortex is turned into a vortical patch
by the distribution scheme in the vicinity of the stationary
airfoil, where the grid size is less than 0.01, to ensure the
accurate and smooth transition.

Summary
In this work, the distribution scheme is used to model the

passing vortex as a continuous, viscous vortical patch, and the
total flow including the passing vortex is governed by the
Navier-Stokes equations. When the distribution scheme is ap-
plied to a cluster of point vortices on a fine-enough grid, the
introduced numerical error can be minimized. The numerical
results show that the effect of viscous diffusion of the passing
vortex only manifests its importance on the blade-vortex in-
teraction near the stationary airfoil.
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Nomenclature
= Earth-fixed coordinate system
= body axes coordinate system
= body axes components of angular velocity

vector
= tangent planes to 5 at N and Z, respectively
= fictitious sphere having its center at the

aircraft's e.g., and its nadir and zenith poles
= set of all three-dimensional attitudes; set of all

three-dimensional rotations about a fixed point
= \lt- $

a = nadir coordinates
8 = zenith coordinates

= {// + $
= Euler angles of rotation from Earth-fixed to

body axes coordinate system

Introduction

IN the mathematics of flight simulation two methods are
commonly used to represent the aircraft attitude, the one

based on Euler angles, the other based on Euler parameters
and the accompanying quaternion calculus.

Euler angles have an immediate intuitive appeal and are per-
fectly adequate for simulations in which one stays well clear
of vertical attitudes. The singularities occurring in vertical air-
craft attitudes constitute a major drawback of Euler angles,
which makes them unsuitable for military flight simulation and
for the analysis of flight incidents and accidents in which loss
of control is a major factor.

Existing software for civil flight simulation employs Euler
angles. An upgrade of this software to cover out-of-control
situations and other situations with arbitrarily steep pitches
may be done by replacing Euler angles with Euler parameters,
but doing so requires a virtually system- wide reconstruction of
the software.

This Note presents a mathematical method of eliminating in
turn the singularity at vertical nose-down attitudes and the sin-
gularity at vertical nose-up attitudes (simply denoted as nose-
down and nose-up, respectively). This method involves the
introduction of a pair of new coordinate systems for aircraft
attitudes, both of them based directly on Euler angles. The one
system has a singularity only at nose-up attitudes; in this Note
it is denoted as the nadir system; the other only at nose-down
attitudes; this is called the zenith system. For the entire method
the term extended Euler angles system is proposed.

One may employ a combination of the traditional Euler an-
gles system and the nadir and zenith coordinate systems; with
an appropriate switching scheme one avoids all singularities.
Flight simulation software systems thus constructed would be
more complex than systems based on Euler parameters, but it
is expected that the introduction of the extended Euler angles
system is far easier, both from a mathematical and a software
engineering viewpoint, than a conversion to Euler parameters.
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